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Abstract

p53 protein plays an essential role in protecting the genomic integrity of

mammalian cells. A drastic decrease in the amount of p53 protein has been

observed in cancerous cells. By using Nutlin-based small molecule drugs, the

concentration of p53 can be restored to the desired level. This paper presents

the drug-dosage design for p53 pathway, based on a control-oriented nonlinear

model. A chattering free sliding mode control (CFSMC) strategy is employed

to track the desired trajectory of p53 concentration for both of its dynamic

behaviors, i.e., sustained and oscillatory responses. A gain-scheduled modified

Utkin observer (GSMUO) is designed for robust state reconstruction and dis-

turbance estimation. The simulation results show that CFSMC and GSMUO

exhibit desired robustness and performance properties in the presence of para-

metric variations, an input disturbance and measurement noise. Moreover, a

comprehensive simulation study, along with a detailed quantitative analysis is

performed to compare CFSMC-GSMUO with four different techniques: a slid-

ing mode control (SMC) with an equivalent control based sliding mode ob-

server (SMO) and GSMUO, respectively, and a dynamic sliding mode control

(DSMC) with SMO and GSMUO, respectively. The analysis demonstrates that
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the tracking error and utilization of the control energy is the least in the case

of CFSMC-GSMUO as compared to its counterparts.

Keywords: p53 recovery, cancer control, drug dosage design, targeted cancer

therapy and sliding mode control.

1. INTRODUCTION

Cancer is one of the major health problems all over the globe, and is the

second major cause of death [1]. The DNA damage is the primary cause of

cancer that occurs because of the inactivation of tumor suppressing proteins [2].

The p53 protein is a cancer suppressor, which protects the cells from malignant

transformations during the DNA damage, hence called “guardian of the genome”

[3]. Moreover, in its wild-type form, p53 acts as a transcription factor for many

genes involved in the repair of damaged DNA, senescence, apoptosis and cell

cycle arrest [4].

In about 50 % of cancer cases, p53 protein is either inactivated or mutated

[5]. Due to its critical role in the suppression of cancer cells, p53 has become

a mainstream focus for research on anti-tumor drug development. Considering

the primary role of p53 in the regulation of various cellular mechanisms, precise

control of its level and activity within cells is quite essential. As its low level can

allow cancer initiation and persistent high level can speed up the aging process

(by excessive apoptosis) [6]. In normal conditions, the level of p53 concentration

in the cell is low. This is accomplished by the E3 ubiquitin ligase protein, named

as Murine double minute 2 (MDM2) . The MDM2 is considered as the primary

negative regulator of p53 [7], which controls the concentration of p53 and limits

its functionality as an anti-tumor. An increase in the level of p53 causes the

transcription of MDM2 mRNA, consequently increasing the level of MDM2. As

a result, an auto-regulatory feedback loop is established between MDM2 and p53

for mutual regulation [7, 8]. In most tumor cases, the MDM2 is overexpressed

and promotes the degradation of p53. The low level of p53 prohibits the repair

of damaged DNA, apoptosis and cell cycle arrest. Hence, reactivating the level
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of p53 has become the foremost therapeutic strategy in the fight against cancer.

The most promising strategy to elevate the concentration level of p53 is by

preventing the interaction of p53-MDM2. Consequently, the normal function-

ality of the cell could be restored [9]. The structure of p53 reveals that the

binding interaction between MDM2 and p53 can be suppressed by small non-

peptide molecules. Nutlin is one of these small molecules based drugs having

great therapeutic potential in disrupting the MDM2-p53 binding to activate p53

[10]. The pre-clinical data assures that Nutlin can restore the required p53 level,

and can inhibit the cancerous cell growth in a dose-dependent manner [7, 11].

1.1. Motivation

The conventional cancer treatment methods include surgery, radiotherapy

and chemotherapy. The common shortcoming associated with all these meth-

ods is that they destroy healthy cells along with cancerous cells. In the liter-

ature, various control strategies have been devised to optimize the drug usage

in chemotherapy [12–16]. However, recently the research trend is shifting to-

wards drug dosage design at the cellular level instead of the macroscopic level.

Fluorescence-tagged protein reveals the complex nonlinear dynamics displayed

by p53 at the cellular level [17]. Experiments show that the cell fate information

is encoded in the p53 dynamics. The response pattern of p53 directly depends

upon the type and severity of DNA damage. In response to less extensive DNA

damage or the damage caused by ionizing radiation (IR), p53 displays a series

of oscillations with fixed amplitude and a consistent period of ∼ 6h. The oscilla-

tory response of p53 leads to either the DNA repair or the cell cycle arrest [18].

However, in the case of critical DNA damage, or the damage caused by ultravi-

olet (UV) radiations, p53 exhibits a sustained response [19, 20]. The amplitude

and width of this sustained response are proportional to the extent of DNA

damage. Consequently, the sustained response of p53 leads to the permanent

cell death [17]. The diversity of these dynamic responses presents a challenge

to the drug dosage design for the cancerous cells.
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1.2. Related work

In the literature, numerous mathematical models have been developed in

pursuit of a better understanding of the oscillatory mechanism within the p53-

MDM2 feedback loop. Moreover, these models provide a framework to schedule

and optimize the drug dosage to obtain the desired response. To investigate the

working mechanism of the p53 pathway, scientists have developed various math-

ematical models that are based on stochastic models, continuous and discrete-

time differential equations and delayed differential equations [21]. The mathe-

matical models presented by [22–24] use delayed time differential equations that

have infinite dimensions and exhibit oscillatory behavior. The models proposed

in [25, 26] are quite complex, as they are developed by using multiple feedback

loops instead of time delays.

In the literature, various model-based control strategies are implemented for

the activation of the p53 pathway. Rigatos et al. [27] used the first-principal

based model to design a nonlinear control scheme. A nonlinear feedback con-

troller based on flatness theory is designed to maintain the required level of p53.

In this control scheme, unknown states are estimated through a derivative-free

nonlinear Kalman filter. In [28], a nonlinear control-oriented p53 model is in-

tegrated with a physiological based kinetic (PBK) model of Nutlin. Using this

integrated approach, a mechanism to revive p53 protein is derived by employing

a simple proportional type control. In [29], a two-loop feedback control struc-

ture is proposed to maintain the required level of p53. Wherein the outer loop

uses a Lyapunov redesign based control system, which shifts the equilibrium

point of the cancer state to a healthy state. In [30], a nonlinear sliding mode

controller (SMC) is designed to achieve the desired concentration of p53. The

dynamic sliding mode controller (DSMC) is also designed to address the chatter-

ing and discontinuous control input issues. Furthermore, an equivalent control

based reduced-order sliding mode observer (SMO) is designed to determine the

non-measurable states of the system.
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1.3. Gap analysis

The above mentioned control techniques have some significant limitations.

The model used in [27] is relatively complex and also the applied control tech-

nique is not inherently robust. In [28, 29], the modeling uncertainties, external

disturbances and measurement noise are not considered in the control design.

Moreover, it is assumed that the entire state vector is measurable, which is

not possible in the actual scenario. The controller designed in [30] employs an

equivalent control based SMO, that yields noisy estimates of the unknown states.

Therefore, the performance of the control system deteriorates. Furthermore, the

tracking error also converges asymptotically. Hence, the objective of the pro-

posed research work is to design a model-based robust control to overcome the

aforesaid shortcomings.

1.4. Major contributions

In the current work, the mathematical model of [31] is adapted to design a

chattering free sliding mode controller (CFSMC), cf. [32], to achieve the desired

concentration for both the dynamic behaviors of p53, i.e., the constant levels

and oscillatory variations. Along with the typical benefits of SMC, the CFSMC

additionally offers finite-time convergence and chattering reduction. A robust

extended gain-scheduled modified Utkin observer (GSMUO) is employed to es-

timate the non-measurable states of the system. Moreover, GSMUO is also used

for disturbance estimation to improve the control performance. The robustness

property of the proposed control strategy is evaluated by considering measure-

ment noise, parametric uncertainties and the input disturbance simultaneously.

Moreover, the number of uncertain parameters is increased in the current work

as compared to [30]. Despite more uncertain parameters, the proposed control

scheme yields better performance compared to the previous work.

The structure of the paper is as follows. The control-oriented nonlinear

mathematical model of the p53 pathway is discussed section 2 . In sections 3

and 4, the CFMSC controller and GSMUO observer design are presented, re-

spectively. Section 5 represents results and discussions and finally, the paper is
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concluded in section 6.

2. Control oriented model of the p53 pathway

Hunziker et al. [31] proposed a model that considers a p53-MDM2 mRNA

positive feedback loop and a p53-MDM2 negative feedback loop to capture the

dynamics of p53 response. Fig. 1 represents the schematic model in which inter-

action between p53, MDM2, MDM2 mRNA and the drug Nutlin is presented.

The control affine representation of the nonlinear model can be written as

ẋ = f(x) + g(x)(u− ζ), (1)

where x ∈ <4 is the state vector, g, f ∈ <4 are smooth vector fields and u repre-

sents the control input (Nutlin), which is measured in mg/kg and ζ represents

the matched input disturbance. The expressions for f(x) and g(x) are presented

as

f(x) =


σp − αx1 − kfx1x3 + kbx4 + γx4

ktx
2
1 − βx2

kt1x2 − kfx1x3 + kbx4 − γx3
kfx1x3 − kfx4 − δx4 − γx4

 ,

gT (x) =
[
0 0 −kmx3 0

]
,

and measurable states of the system are represented by the output vector ym

yTm =
[
x1 x3

]
. (2)

The definitions of model parameters and state variables are given in Table. 1.

The nominal values of the model parameters are adopted from [31], which are

also elaborated in Table. 1
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Figure 1: Schematic representation of p53 pathway dynamics [30].

symbol Description Nominal

Value

x1 Concentration of p53 protein [nM] −−

x2 Mdm2 mRNA [nM] −−

x3 Concentration of MDM2 protein [nM] −−

x4 MDM2-p53 protein complex [nM] −−

α Mdm2-independent degradation of p53 [hr−1] 0.1

σp p53 production rate [nMhr−1] 1000

δ Mdm2-dependent degradation of p53 [hr−1] 11

kt Transcription of Mdm2 [1/nM/hr] 0.03

kt1 Translation of Mdm2 [−−] 1.4

β Degradation of Mdm2 mRNA [−−] 0.6

γ Degradation of Mdm2 [−−] 0.2

kb p53-Mdm2 dissociation [−−] 7.2

kD = kb/kf p53-Mdm2 dissociation constant [nM] 1.44

km Nutlin rate constant [hr−1] 200

Table 1: Model parameters.
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The objective of the controller design is to maintain the concentration of p53

at the desired level. Therefore, in the next section, the chattering free robust

sliding mode controller (CFSMC) design is discussed for the p53 pathway.

3. Chattering free robust sliding mode controller design

In this section, a chattering free sliding mode controller (CFSMC) is designed

to track the concentration of p53 at the desired level. As its name suggests,

CFSMC eliminates chattering, which is the main issue in conventional sliding

mode controllers [33–35]. Moreover, the sliding surface is designed in such a

way that the tracking error converges in finite time. Furthermore, biological

systems require a smooth control input, that can’t be achieved in discontinuous

SMC. Therefore, a systematic design of CFSMC is offered, which addresses the

above mentioned problems of the conventional SMC [32].

Let e = x1 − x1d is the tracking error between x1 and its desired level x1d.

From the model in (1), it can be seen that the relative degree of e with respect

to the control input u is 2. Therefore, twice differentiating e with respect to

time results in the following error dynamics

ė1 = e2,

ė2 = h(x, t) + b(x, t)u, (3)

where, the nonlinear functions h(x, t) and b(x, t) are characterized as

h(x, t) = e2 + (α+ kfx3) + (kb + γ)ẋ4 − kfktlx1x2 + k2fx
2
1x3

− kf (kb+ γ)x1x4 + kfγx1x3 − kfkmx1x3ζ,

b(x, t) = kfkmx1x3.

In h(x, t), ζ is the matched input disturbance. The disturbance profile should

fulfill the following assumption:

Assumption: ||ζ|| ≤ ζ0, ζ0 ∈ <+ is a norm bounded input disturbance with

a smooth and bounded time derivative, i.e. ζ̇ ≤ ψ, where ||ψ|| ≤ ψ0, ψ0 ∈ R+
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is a smooth function.

Now, to regulate e1 and e2 in finite time, a terminal sliding mode (TSM)

manifold can be selected for the system in (3) as

s = ė2 + c2 sgn(e2)|e2|r2 + c1 sgn(e1)|e1|r1 , (4)

where ci and ri are design parameters.

The parameters c1 and c2 are selected in such a way that the polynomial

ρ2 + c2ρ + c1 corresponding to the system (4), is Hurwitz i.e., the roots of

this polynomial lie in the open left half of the complex plane. In the above

polynomial, ρ is the Laplace operator. The constants ri can be determined

based on the following conditions [36]r1 = ϑ

r2 = 2r1
1+r1

,

(5)

where ϑ ∈ (1 − ε, 1), ε ∈ (0, 1). Selecting ci and ri in above fashion represents

the establishment of the ideal sliding mode s = 0 for (3). The system can now

converge to its equilibrium point, i.e. e1 = 0 from any arbitrary initial condition

along the sliding surface s = 0 in finite-time [37].

In order to reach s = 0 in finite-time, the control law is designed as

u =
1

kfkmx1x3
(u1 + u2), (6)

u1 = −h(x, t)− c2 sgn(e2)|e2|r2 − c1 sgn(e1)|e1|r1 ,

u̇2 = −Tu2 − υ sgn(s),

where T and υ are positive constants. From (6) it can be seen that u is contin-

uous as the only discontinuity is included in the derivative of u2.

3.1. Existence of Sliding Mode

Consider a positive definite Lyapunov function in order to prove the existence

of sliding mode

V (x, t) =
1

2
s2 > 0, (7)

9



with the time derivative given as

V̇ (x, t) = s ṡ, (8)

by using (4) and (3) s can be written as

s = h(x, t) + u1 + u2 + c1sign(e1)|e1|r1 + c2sign(e2)|e2|r2 . (9)

By substituting expression for u1 in (9), s = u2 and V̇ becomes

V̇ = s(−Tu2 − vsign(s)),

= −|s|(T |s|+ v),

≤ −v|s| < 0.

(10)

From the above expression it is evident that the system (3) will reach to

s = 0 in finite time.

3.2. Zero Dynamics

After establishment of the sliding mode, i.e. s = 0 at t = t0, it is mandatory

to evaluate the stability of the zero dynamics. When sliding mode is enforced

both e1 and e2 in (3) converge to the origin, which implies x1 → x1d and

ẋ1 → ẋ1d. As the tracking error has a relative degree 2 with respect to the

control input, and the order of the system in (1) is 4, therefore, the zero dynamics

is of the second order and is comprised of

ẋ2 = −βx2 + ktx
2
1d, (11)

ẋ4 = kfx1x3 − (kb + δ + γ)x4. (12)

By substituting kfx1x3 from (1) into (12), ẋ4 can be re-written as

ẋ4 = −(kf + δ − kb)x4 + (σp − αx1d − ẋ1d). (13)

Now, (11) and (13) represent linear ODEs with constant and bounded inputs.

These equations can be solved to yield

x̃2(t̃) = x̃2(0) exp
(
−βt̃

)
+
ktx

2
1d

β

{
1− exp

(
−βt̃

)}
,

x̃4(t̃) = x̃4(0) exp
(
−Πt̃

)
+
σp − αx1d − ẋ1d

Π

{
1− exp

(
−Πt̃

)}
, (14)

10



where Π = kf + δ − kb and t̃ = t− t0.

From Table. 1, it can be seen that both β and Π in (14) are positive, therefore,

x̃2 → ktx
2
1d/β and x̃4 → (σP − αx1d − ẋ1d)/Π. Now, when s = 0, x1 → x1d,

ẋ1 → ẋ1d, x2 → x̃2 and x4 → x̃4, therefore, the steady state value of x3 can be

found by algebraically solving ẋ1 in (1) as

x̃3 =
1

kfx1d

(
σp − αx1d + (kb + γ)x̃4 − ẋ1d

)
. (15)

Moreover, from (6), when s = 0, u2 → 0, so u = u1 = −h(x̃, t̃). Therefore,

during sliding mode the system states and the control law stay bounded: x→ x̃

and u→ U ∈ <, which shows that zero dynamics is stable and control design is

valid.

The control law in (6) requires all the system sates, therefore, it is required

to design an estimator to find the unknown states. Moreover, in order to improve

the performance of the closed loop system, the disturbance ζ is also estimated.

The design of the estimator is discussed in the subsequent section.

4. Extended Gain-Scheduled Modified Utkin Observer

In this section the design of an extended gain-scheduled Utkin observer

(GSMUO) is presented. The observer yields robust state and disturbance es-

timation. As compared to the conventional sliding mode observers, GSMUO

brings the sliding motion in finite time, cf. [38, 39].

In order to estimate the disturbance, an additional state is added in (1).

Now, the state vector includes another state x5 = ζ and the nonlinear function

f(x) can be re-written as

f(x) =



σp − αx1 − kfx1x3 + kbx4 + γx4

ktx
2
1 − βx2

kt1x2 − kfx1x3 + kbx4 − γx3 + kmx3x5

kfx1x3 − kfx4 − δx4 − γx4
0


. (16)
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According to [30], ζ varies very slowly with time, therefore, dynamics of ζ in

the extended system is governed by ζ̇ = 0.

The observer design is based on the quasi-linear decomposition (cf. [40]) of

p53 pathway model given in (1). The decomposition depicts the true nonlinear

dynamics of (1), such that

ẋ = f(x) +B(x)u = A(x)x+B(x)u, (17)

where A(x) ∈ R5×5 is given as

A(x) =


| | | | |

a1 a2 a3 a4 a5

| | | | |

 ,
ai = ∇fi(x)

fi(x)− xT∇fi(x)

xTx
, x 6= 0,

where ∇fi(x) is the gradient of the element i of the vector field f(x) in the

direction of x. The matrix B(x) ∈ <5 is characterized as

BT (x) =
[
0 0 kmx3 0 0

]
.

The first step in GSMUO design is to re-order the states of the system as

[z ym]T = Tx, (18)

where zT = [x2 x3 x5] are the unknown states and ym as given in 2 are

measured states, and T = [NC CT ]T is the transformation matrix. The

output matrix C can be obtained from 2, both C and its null space NC are

given as

C =

1 0 0 0 0

0 0 1 0 0

 ,

NT
C =


0 1 0 0 0

0 0 0 1 0

0 0 0 0 1

 .
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The transformed system can be represented as ż

ẏm

 = TA(x)T−1

 z

ym

+ TB(x) u . (19)

Now, the new system can be partitioned as

TA(x)T−1 =

W11(x) W12(x)

W21(x) W22(x)

 , TB(x) =

[
b1
b2

]
. (20)

The transformed system can be re-written as

ż = W11(x)z +W12(x)ym + b1u ,

ẏm = W21(x)z +W22(x)ym + b2u .
(21)

The structure of the corresponding GSMUO is specified as

˙̂z = W11(x)ẑ +W12(x)ŷm + b1u+ Lυ −G1ey ,

˙̂ym = W21(x)ẑ +W22(x)ŷm + b2u− υ −G2ey ,
(22)

where ẑ and ŷm are estimates of unknown states and measurements, respec-

tively. The Luenberger-type gain matrices G1 ∈ R3×2 and G2 ∈ R2×2 provide

robustness and L ∈ R3×2 is a feedback gain matrix. The discontinuous vector

υ can be described as

υ =

 M1 sgn(ŷm,1 − ym,1)

M2 sgn(ŷm,2 − ym,2)

 , (23)

with M1,M2 ∈ R+. The nonlinear switching terms guarantee finite-time con-

vergence. The error dynamics of the system can be expressed as

˙̂ez = W11(x)êz +W12(x)êy + Lυ −G1ey , (24)

˙̂ey = W21(x)êz +W22(x)êy − υ −G2ey, (25)

where ez = ẑ − z and ey = ŷm − ym.

A new error variable ēz = ez+Ley is introduced and now the error dynamics

can be redefined with respect to these error variables as[
˙̄ez
ėy

]
=

 W̄11(x) W̄12(x)

W21(x) W̄22(x)

[ ēz
ey

]
+

[
0
−I

]
υ, (26)

13



with the sub-matrices defined as

W̄11 = W11(x) + LW21(x) ,

W̄12 = W12(x)− W̄11L−G1 + L (W22(x)−G2) ,

W̄22 = W22(x)−G2 −W21(x) L . (27)

The result in (26) transforms the estimation problem to a stabilization problem

in ey and ēz, where υ behaves like an auxiliary observer input. The discontin-

uous gains M1 and M2 in (23) are selected such that they satisfy the reaching

condition eyi
ėyi

< 0, where eyi
is the sliding variable. The reaching condition

can be proved by taking the following Lyapunov function,

Vi =
1

2
e2yi

. (28)

The time-derivative of (28) along with (26), yields

V̇i = eyi

(
W21i(x)ēz + W̄22ieyi − υi

)
,

≤ −|eyi
|
(
Mi − |W21(i)(x)ēz + W̄22(i)eyi

|
)
, (29)

where W21(i)(x) and W̄22(i) represent the ith row of matrices W21(x) and W̄22

respectively. Now if Mi ≥ ς + |W21(i)(x)ēz + W̄22(i)eyi
|, where ς is positive

constant, then

V̇i = −
√

2Viς ,

and the measurement error converges to zero in finite-time [41], i.e., eyi
→ 0

given by

ts ≤
√

2Vi(0)

ς
.

The gain matrices L and G2 are designed using linear quadratic regulator

(LQR) method and are selected such that the matrices W11(x) + LW21(x)

and W22(x) − G2 − W21(x) L are Hurwitz. G1 is selected such that W̄12 =

W (x)12 − W̄11L − G1 + L (W (x)22 − G2) = 0. The suitable choice of L, G1

and G2 ensure the state observation and asymptotic convergence of the error

dynamics.
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5. Results and Discussions

The complete control implementation scheme of the controller along with

the observer is shown in Fig. 2. The measurement noise n is also introduced in

the implementation.

Figure 2: Control implementation scheme for the system

One of the major challenges in establishing the computer based models of a

biological systems is the accurate measurement of the model parameters. Due to

the differences in the in-vivo and in-vitro conditions, the in-vitro parameter es-

timation are usually imprecise. Moreover, the traditional parameter estimation

techniques require a huge amount of data to accurately estimate the parameters

for a wide range of operation. However, due to the time-consuming and expen-

sive techniques of measurements, the availability of biological data is generally

limited [7]. Therefore, the model parameters often contain uncertainties that

should be taken care of while implementing the feedback control scheme. For

the p53 pathway model presented in [30], some of the parameters presented in

Table. 1 are fixed. However, the parameters kf , δ, α, kb, σ and γ can vary

due to the dynamic environmental conditions, application of different stresses,

and cell-cell variability. To inspect the robustness property of the proposed

control technique, 20% variations are introduced in the nominal system param-
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eters as illustrated in Table. 2. It is worth mentioning that the nominal system

parameters are used in the controller and the estimator.

The time profile of disturbance is depicted in Fig. 3. The input disturbance

models undesirable signals from neighboring cells, the effect of unintended cross-

talk between pathways and environmental stresses on the amount of loss in the

concentration of the drug Nutlin. As the exact function of disturbance can not

be known, hence, a hypothetical time profile of the disturbance is assumed, as

depicted in Fig. 3. The disturbance profile follows the standard drug concentra-

tion profile in the human body succeeding an oral delivery [42]. Moreover, it is

assumed that the measurements of x1 and x3 from respective sensors are noisy.

Hence, in each measured state, an additive white Gaussian noise (AWGN) with

zero mean and a variance of 1× 10−4 is also considered.
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Figure 3: Time profile of the disturbance [30]
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Table 2: Perturbed parametric values

parameter Nominal value Perturbed value

δ 11 13.2

γ 0.2 0.24

kf 5.1428 6.168

α 0.1 0.12

kb 7.2 8.44

σp 1000 1200

A detailed simulation analysis is performed in the following subsections to

track the reference trajectories of the p53 protein. The effectiveness of the

proposed control technique is tested for two separate cases. For the first test case

scenario, the p53 protein displays a trajectory with three different levels. While

for the second case, the concentration of p53 protein exhibits an oscillatory

variation with a period of ∼ 6 hrs.

5.1. Case I: Sustained p53 Response

According to various research studies carried out on cancerous cells, it is

acclaimed that the range of p53 (x1) is 10-30 nM in normal healthy cells [31, 43].

While in the cancerous cells, the concentration of p53 protein is required to

be around 400 nM [23, 44]. However, overexpression of MDM2 (x3) prohibits

p53 to raise its current level. In the simulations, x1 is initialized from a low

concentration level i.e., 17 nM [43]. The desired p53 concentration trajectory

(obtained from [27]) is presented in Figure 4. The trajectory exhibits a piecewise

constant variations and consists of three distinct levels. Tracking of such kind

of trajectory guarantees that the proposed control system can track any desired

concentration level of p53 protein during the treatment of cancer. It is worth

mentioning that in the first 0.5 hours, the system is operated in the open-loop

until the p53 approaches the desired level, then the controller starts working and

the closed-loop operation strives to maintain the desired profile. It is pertinent
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to mention that the observer is running during both the open-loop and the

closed-loop operations of the system.

A comparison between conventional SMC, DSMC, and CFSMC along with

SMO and GSMUO is presented, which are implemented to track the desired

trajectory. Fig. 5 presents the output tracking performance of various control

schemes. The GSMUO, along with the robust state estimation, also filters

out the measurement noise introduced in the plant, hence, providing a smooth

response. On the contrary, the outputs of the SMO based SMC and DSMC

schemes are relatively noisy, as the measured states are being utilized in the

controller design [30]. It can be seen that the best tracking behavior for output

(p53) is obtained in the case of GSMUO based CFSMC. Due to finite time

convergence of the tracking error, the response of CFSMC is the fastest as

compared to its counterparts. This can be seen in the zoomed view of Fig. 5.
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Figure 4: Desired trajectory for p53 protein

Fig. 6 shows the comparison of the control input (Nutlin) generated by SMC,

DSMC and CFSMC. It is shown that the control effort for all control techniques

remains under 90 mg/kg, which is well within the upper bound reported in the

literature i.e., 200 mg/kg [45]. Fig. 7 shows the closed-loop tracking error of all
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the implemented control techniques. As expected, the tracking error is the least

in case of CFSMC. The sliding variable s, for CFSMC is shown in Fig. 8.
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Figure 5: Concentration of p53 protein with time
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Figure 6: Control input with time
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Figure 7: Closed loop tracking error with time
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Figure 8: Sliding Surface for CFSMC

In order to assess and compare the effectiveness of the control strategies ap-

plied for test case I, a quantitative analysis is also carried out. The performance

evaluating criteria for the comparison are the root mean squared tracking error

(RMSE) and the average power of the control input. The formula for calculat-

20



ing the RMSE is given as

RMSE =

√√√√ 1

N

N∑
i=1

e2(i) , e(i) = x1(i)− x1d(i) , (30)

where N represents the total number of samples. The average power (Pavg) of

the control signal is computed using the following formula

Pavg =
1

N

N∑
i=1

u2(i) . (31)

RMSE and Pavg for all the control techniques are provided in Table 3. The

comparison reveals that CFSMC based GSMUO has the best tracking perfor-

mance and also lower control energy consumption.

Controller RMSE (nM) Pavg (mg/kg)2

SMC-SMO 3.2939 1391.3

DSMC-SMO 10.1226 440.4466

DSMC-GSMUO 1.7597 425.8672

SMC-GSMUO 4.1408 819.1943

CFSMC-GSMUO 0.6694 422.9480

Table 3: RMSE and P avg of five control techniques for three level trajectory

In order to investigate the estimation performance of the estimator, it is

mandatory to initialize both the GSMUO and the plant with different initial

conditions. The initial state vectors for the nonlinear plant and observer are

chosen as x(0) = [17 14 8 91 0]T , and x̂(0) = [23 24 12 80 0.1]T , respectively.

The Figs. 9 and 10 represent the estimated states x2 and x4 of the reduced

order SMO, cf. [30], and GSMUO. It is clear from the results that the perfor-

mance of GSMUO is better as compare to SMO. Fig. 11 shows the estimation

of disturbance which is considered as the third unknown state.

21



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

0.5

1

1.5

2

2.5

3

3.5

4
10

4

Figure 9: Concentration of Mdm2 mRNA-x2
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Figure 10: Concentration of p53-Mdm2 complex-x4
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Figure 11: Estimation of disturbance

The best controller-observer pair (CFSMC-GSMUO) is employed for the

oscillatory trajectory of case II, described in the subsequent section.

5.2. Case II: Oscillatory p53 Response

The simulation results for test case II are presented in Figs. 12 and 13. p53

shows the oscillatory response when the extent of DNA damage is not severe.
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This type of response controls the growth of cancerous cells by cell cycle arrest.

The period of oscillation is 4.5 to 6 hrs. Fig. 12 shows that the p53 concentration

successfully tracks the desired sinusoidal trajectory taken from [27]. The value

of x1 is again initialized from a low level, i.e., 17nM. The simulation results of

the proposed controller display a much better tracking response as compared to

the results obtained in [27]. Figure 13 presents the control effort for test case

II.
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Figure 12: p53 oscillatory response

6. Conclusion

In this paper, a model-based CFSMC control is designed to achieve the de-

sired concentration of p53 protein for two different test cases. In the first case,

a sustained p53 response is tracked for three different levels, whereas, in the

second case, tracking is achieved for an oscillatory p53 response. To maintain

the desired levels of p53, the Nutlin drug is used as a control input. To make

the feedback control design possible, the unknown states of the model are recon-

structed with GSMUO. The boundedness of the zero dynamics is also demon-

strated. A quantitative comparison between the controllers: SMC, DSMC and
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Figure 13: Controlled input for p53 oscillatory response

CFSMC and the observers: SMO and GSMUO is performed which shows that

the CFSMC based GSMUO yields the least error and control energy. The

proposed research work provides a model for the development of a p53-based

regulatory strategy and can assist in targeted cell therapy.
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